7. DIAGONALISATION

§7.1. Diagonal Matrices
Recall that a diagonal
matrix is a square matrix
where every component above
or below the diagonal is zero.
So A = (aj) is diagonal if a;; =0
whenever i = j. Some or all of
the diagonal components can also be zero.
So a diagonal matrix has the form:

ds 0 . 0
0 dz ... 0
0 0 ..... dn

Sometimes we write this as diag(ds, d, ..., dn).
Clearly the sum, difference and product of two n x n
diagonal matrices are again diagonal.

The powers of a diagonal matrix are easy to compute.
If A =diag(ds, da, ..., dn) then
A™ = diag(d,", d,™, ....dn™).

then

El
Example 1: If A = 0
0

o L o

0
0
ER
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§7.2. Similar Matrices

Two matrices, A and B, are defined to be similar
if there exists an invertible matrix S such that
A =SBS™.

Theorem 1: The relationship of being similar is an
equivalence relation.

Proof: Reflexive: Let A be a square matrix.

Since A = IAI, A is similar to itself.

Symmetric: Suppose that A is similar to B.

Then A = SBS™! for some invertible S.

Now B = SAS = (SHA(S )L

Since Stis invertible, B is similar to A.

Transitive:

Suppose A is similar to B and B is similar to C.

Then A = SBS™? and B = TCT, for some invertible
matrices S, T. Hence A = S(TCT 1St = (ST)C(ST) ™.
Since ST will be invertible, A is similar to C.

Similar matrices in the technical sense are similar

in the informal sense. They have a lot of properties in
common.

266



Theorem 2: Similar matrices have the same:
(1) Determinant;
(2) Trace;
(3) Characteristic polynomial;
(4) Eigenvectors.
Proof: We’ll prove (3) first:
Suppose A = SBS™ for some invertible S.
Then ya(X) = |11 = A]
= |Al — SBSY|
=|ASIS? - SBS
=|S(Al - B)ST
= |S[.JAL - BJ.|S[™
= [ =B = xs(}).

(4). Since similar matrices have the same characteristic
polynomial, they must have the same eigenvalues.

(1) Since the determinant of a matrix is the product of
the eigenvalues, similar matrices must have the same

determinant.

(2) Since the trace of a matrix is the sum of the
eigenvalues, similar matrices must have the same trace.

However similar matrices do not generally have the

same eigenvectors.

Theorem 3: If A = SBS™ and v is an eigenvector of B,

then Sv is an eigenvector for A.
Proof: Suppose that v is an eigenvector for B.
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Thenv=0and Bv = Av.

Hence A(Sv) = (SBS?)Sv = SBv = S(Av) = A(Sv).

So Sv is an eigenvector for B, corresponding to the same
eigenvalue.

[Note that Sv = 0 since S is invertible and v = 0.]

§7.3. Diagonalisable Matrices

A matrix, A, is defined to be diagonalisable if it
is similar to a diagonal matrix, that is, if there exists an
invertible matrix S such that A = SDS™. If it is not
diagonalisable we say that A is non-diagonalisable.

If the eigenvalues of the n x n diagonalisable
matrix A are A1, Az, ..., An then A must be similar to the

diagonal matrix diag(A1, A2, ..., An). The useful property
of diagonalisable matrices is that their powers are easily
calculated.

Theorem 4: If A = SDS™, where S is invertible and D is
diagonal then A™ = SD™s 1,
Proof: A™ = (SDS™) (SDS™?) ... (SDS™?) (SDS™Y)

(m groups)
= SD(S'S)D(S1S) ... (S'S)D(S1S)DS™

=sD™Ms ™,
Corollary: If A =SDS is a diagonalisable matrix, with
eigenvalues A1, Ao, ..., An then for any integer, m,
A™ = S.diag(.™, 22", ..., An™).S
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A natural question is “Are all matrices diagonalisable?”
The answer is “No, but they generally are.”

. 11). : :
Example 2: The matrix A = (0 1) Is non-diagonalisable.

Proof: It has characteristic polynomial
M-2a+1=(-1)>%

Hence it has a double eigenvalue of 1.

If A was similar to a diagonal matrix D then we would
have to have D = diag(1, 1) = I.

But if A = SDS then A = I, which is clearly not so.

Here’s a partial list of diagonalisable matrices. It
doesn’t cover them all, but it will be clear that to be
diagonalisable is the rule, rather than not the exception.
We shall show the following.

DIAGONALISABLE MATRICES INCLUDE:
(1) n x n matrices with n distinct eigenvalues;
(2) matrices A such that A™ = | for some positive
integer m;
(3) real symmetric matrices.

If A, S are n x n matrices and the columns of S are
eigenvectors for A then S is called an eigenmatrix of A.
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Theorem 5: If S = (vy, Vo, ..., V) IS an eigenmatrix for
A then AS = SD where D = diag(A1, A2, ..., Ay) and A; is
the eigenvalue corresponding to the eigenvector v;.

Proof: AS = A(vy, Vo, ..., Vn)
= (AVl, AV2, cees AVn)
= (}lell }\'2V23 R ann)

% 0 ... 0
0 A... 0
:(V11V29""Vn) =3SD.
0 0..A

Corollary 1: If Sis an invertible eigenmatrix for A then
A =SDS™

Corollary 2: A matrix is diagonalisable if and only if it
has an invertible eigenmatrix.

Proof: Suppose A has an invertible eigenmatrix S. Then
AS = SD, as above, and since S is invertible we may
write this as A = SDS™.

Conversely suppose that A is diagonalisable.

Then A = SDS! for some diagonal matrix D and
invertible matrix S. Then AS = SD.

M 0...0
Letp=| % % 9| ands= (V1, Va, ..., Vn).
0 0 ... A

Hence AS = (AV1, AVz, cees AVn) = (7\,1V1, 7\,2V2, ey KnVn)
and so each v;j is an eigenvector for A.
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i . . 4 2
Example 3: Diagonalise the matrix A = ( . J.

Solution: tr(A) =5 and |A| = 6.
So ya(M) =22 —-5L+6=(A—-2)(1L-3).

7»=2:A—2I=[2 Zj
-1 -1

. i . 1
so a corresponding eigenvector is ( J.

X:B:A—Blz[l Zj
-1 -2

i . . (2
so a corresponding eigenvector is [ 1].

LetS:[1 2jandD:[2 0].
-1 - 0 3

ThenS 1= (_1 _2].
1 1

We can check that A = SDS 1.
Example 4: Diagonalise the matrix

7 140 —240
A=|6 65 -120]
4 42 -78
Solution: try(A) =tr(A) =7 +65 - 78 = — 6.
7 1400 |7 -240 |65 -120
trZ(A):‘6 65| "o —78| " |42 —78‘
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1 75 |-1 -84 |23 —42
“l6 65 |4 —78 " |42 —78‘
1 75 |1 —s4 [23 -42
“l6 65 |4 —78 |4 6‘R3_2R1

(65 — 450) + (78 + 336) + (138 — 168)

7 140 -240
trs(A) = |A|= |6 65 120

4 42 78
1 75 -120

=16 65 -120 R, _R,
4 42 -78
1 75 -120

|0 —-385 600 R, — 6Ry, Rs — 4R,
0 -258 402
—385 600

~|-258 402

= 30.

S0 ya(r) =A%+ 6A% — 1 — 30.

By inspection A = 2 is a zero.

So ya(h) = (A — 2)(A2 + 8\ + 15)
=(A-2)(A+3)(1L+5).
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Hence the eigenvalues are A = 2, -3, -5.

A=2:
5 140 -240 1 —-77 120
A-al=|6 63 -120| |5 140 -240
4 42 -80 4 42 -80
R:—Ry, Rt R
1 -77 120
|0 525 -840| R, 5R;, R;-4R;
0 350 -560
1 -77 120
—> 0 5 -3 R2—105
0 350 -560
1 -77 120
510 5 -8 R _70R,
0O O 0

Put z = 5k, 5y = 8(5k) so y = 8k and

X = 77(8k) — 120(5k) = 16k.
Note that putting z = 5k avoids fractions. We could jave
put z = k and then multiplied the eigenvector we
obtained by 5. Remember any non-zero scalar multiple
of an eigenvector is an equivalent eigenvector.
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16

So | 8] is an eigenvector corresponding to the

5
eigenvalue 2.
A=-3
10 140 -240 1 14 —24
A_)l=|6 68 -120| |6 68 —120
4 42 -75 4 42 -75
R2+1O
1 14 -24
5|0 =16 24| p _6R, Ri—4R;
0 -14 21
1 14 -24
—> 0 2 -3 R2+(—8)
0 -14 21
1 14 -24
— 0 2 -3 R; + 7R,
0 0 0

Put z = 2k, 2y = 3(2k) so y = 3k and
X = — 14(3k) + 24(2k) = 6k.
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6

So 3 IS an eigenvector corresponding to the
2
eigenvalue 3.
A=-5:
12 140 -240 3 35 -60
A_xl=|6 70 -120| _,|6 70 -120
4 42 -73 4 42 -73
R1+4
1 7 -13
5|6 70 -120| R;—Ry R; <R3
3 35 -60
1 7 -13
- O 28 _42 R2 — 6R1, R3 - 3R1
0 14 -21
1 7 -13
510 2 -3| R,-14,R;- 7R,
0 0 O

Put z = 2k, 2y = 3(2k) so y = 3k and
x = =7(3k) + 13(2k) = 5k.
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5

So |3 is an eigenvector corresponding to the

2
eigenvalues —5.
16 6 5 2 0 0
TakeS=|8 3 3|andD=|0 -3 0 |
5 2 2 0 0 -5

Then A = SDS™. We can check this by performing the
appropriate multiplication.

3 -22 18
Example 5: Show that A = |3 —14 9| js not
2 -8 4

diagonalisable.

Solution: We begin by working out the characteristic
polynomial.

tr(A)=3-14+4=-7.

3 -220 1318 |-14 9
A)=l3 _14Th 4lt|_ g 4
42 +66+12 36— 56+ 72

- 16.

3 -22 18 |3 —-22 18
A|=|3 -14 9= 0O 8 -9
2 -8 4| 2 -8 4
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= 3(32 — 72) + 2(198 — 144)
=-120+ 108
=-12.
Hence ya(h) = A% + 702 + 16\ + 12
=(A+2)(L+2)(\ + 3).

[We factorise this by trying certain integer values until
we discover that A = -2 is a zero. Hence A + 2 is a
factor. We then divide ya(A) by A + 2 and solve the
resulting quadratic.]

So the eigenvalues are A = -2 (twice) and A = —3.
6 —22 18 1 -3 2

Ar=—3A+31=|3 -11 9| (2 -8 7

2 -8 7 6 -22 18
1 -3 2
Lo -2
0 -4 6
1 -3 2
—)0 _3.
0 0

5

Hence | 3| is an eigenvector.
2
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5 -22 18 1 -4 3
A=—=2-A+2l= 3 -12 9 N 2 -8 6

2 -8 6 5 -22 18
1 -4 3 1 -4 3
510 0 0|0 2 -3
0 -2 3 0O 0 O
6
Hence | 3 | is an eigenvector.
2
If A was diagonalisable there would have been two
eigenvectors for A = — 2 that are not multiples of one

another.

The steps involved in diagonalisation are as follows.

DIAGONALISATION OF AN n x n MATRIX A
(1) Compute tr(A), tro(A), ... trn—1(A) and |A.
(2) Write down (%) = A" — tr(A)A" L + try(A)L" 2

— o (1) Hr-a(A) + (C1)TA]
(3) Solve y(A) = 0 to find the eigenvalues A1, A2, ..., An.
(4) For each eigenvalue find an eigenvector.
(5) If you can get an invertible eigenmatrix S then A is
diagonalisable. Otherwise it is not diagonalisable.
(6) Let D = diag(A1, Az, ..., An) .
(7) Find S and check that A = SDS™..
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NOTE: The columns of S can be in any order so long
as the components of D are in the same order.

8§7.4. Powers of Matrices

Computing integer powers of a matrix is just a
matter of applying matrix multiplication to the matrix or
its inverse. But if n is large this can involve an enormous

amount of work. And often we require a formula for A"
in terms of n. Sometimes we’re interested in the

behaviour of A" as n approaches infinity.

7 140 -240
Example 6: IfA=|6 65 -120|, find A®and A™.
4 42 -78

Solution: In example 1 we showed that A is
diagonalisable, and that A = SDS! where

16 6 5 2 0 0
g=|8 3 3|gD=/0 -3 0|
5 2 2 0 0 -5

We must first find S~. Since S is only a 3 x 3 matrix it is
just as easy to use the cofactor method.

0 -1 1)1 (0 -2 3

adj(S) = -2 7 =-2| =|-1 7 -8|and
3 -8 0 1 -2 O
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16
|S| -8
5

Hence S =

= 16(0) — 6(L) + 5(1) = 1.

N W O
N W Ol

o 2 -3
1 -7 8
-1 2 0

So A =SDS'andso A°>=SD°S! =

16 6 5
8 3 3
5 2 2

32 0 0 0 2
0 -243 0 1 -7 8
0 0 -3125){-1 2 O

512 -1458 -15625\(0 2
256 —-729 -9375 || 1
160 -486 —6250
14167 —-20020
8646 —13135
5764 8778

-3

-3
-7 8
1 2 0
~13200

~6600 |

— 4368

To compute A~* we could find the inverse of A and then
raise it to the 4" power, but it’s simpler to do it directly.

This time,

instead of computing it exactly we’ll

approximate each component to 4 decimal places.

A*=SD*S 1=
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16 6 5)(0.0625 0 0 0o 2 -3
8 3 3 0 0.0123 0 1 -7 8
5 2 2 0 0 0.0016)\-1 2 O

1 0.0738 0.008)(0 2 -3
=| 05 0.0369 0.0048(| 1 -7 8
0.3125 0.0246 0.0032)\-1 2 O
0.073 14994 -—2.4096
=0.0821 0.7513 -1.2048 |.
0.0214 0.4592 -0.7407

Suppose A(x) is a matrix where each component
Is a function of x. We define the limit of A(X) as x
approaches a real number or +oo to be the matrix whose
components are the respective limits, that is, if these
limits exist.

jim (S0X 1 0
Example 7: (i) ol X = [ ]
tan X 2cos 0 2
1,
dim | TTx 2T 1o
(”)x—>0 3_l (1)x 13 o)
x2 \2
Since the limit of a sum, difference and product of
functions is the sum, difference and product of the
limits, and matrix addition, subtraction and
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multiplication can be expressed in terms of these
operations on the components, the limit of a sum,
difference and product of matrices is the sum, difference
and product of the respective matrices.

If each ;i satisfies -1 < 2A; < 1 then
M™ 0 ... 0

0 2"... o
converges as m — oo and the limit is
0 0 ...An"
a diagonal matrix of 1’s and 0’s where the 1’s on the
diagonal correspond to the A; that are equal to 1.

09" 0 0 0 0O
Example 8: 0 1 0 - 010
0 0 (-03f 000

as n — oo.

If a diagonalisable n x n matrix A has all its
eigenvalues in the interval (-1, 0] then A" converges to a
limitas n — oo,

Example 9:

(i) Show that if A = [—1-5 05

-5 2

n approaches infinity.
(i1) Find the limit.

j then A" converges as
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Solution: (i) |Al — A| =

A+15 -05
5 1—2‘
=(A+15)A-2)+25
=A2-051L-05
=(A—-1(A +0.5).
So the eigenvalues of A are 1, — 0.5.

Since these are in the interval (-1, 1] the matrix A"
converges as N — oo,

(if) To find the limit we must diagonalise.
A=1 A_|= (—2.5 0.5) N (—5 1]
-5 1 0 O

1) . :
o) (5} Is an eigenvector for A = 1.

A=—05:A+05l= (_1 05} BN (2 _1j
-5 25 0 0

1) . :
SO @ is an eigenvector for AL =—0.5.

LetS:[1 1)andD:[1 0 )
5 2 0 -05

Then A =SDS!and A" = SD"S,

Since D" — (1 Oj asn — oo, A" S(l OJS‘l.
00 00

NowS‘lz—%[2 _Jso
-5 1
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o

lim
N—oo

=}
|

Wik Wl Wl

1\(1 0)(2 -1
s 2o oll's 7]
1 0\(2 -
ol
2 -1
[10 —5)
_(-2/3 1/3
_[—10/3 5/3)'
Fractional powers can be found
diagonalisable matrix in the same way.

Example 10: If A = [41

one exists.

Soluti 'IfS—1 ° dD—20 h
olution: =|_, _qJandD=| _]then
A = SDS! [We omit the details.]

V20
0 3)7

-1 -2
_1_
Now S —(1 1).

T Y A g
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_(\/5 Zﬁj[—l —2j
-2 -V3)l1 1

In fact an n x n diagonalisable matrix has 2"
square roots (if we allow non-real components) since
there are two square roots for each eigenvalue.

In this example there are 4 square roots of A.
These are obtained by replacing V2 by +V2 and V3 by
+v/3. Thus the four square roots of A are

L [23-V2 2y3-2V2 and < [23+V2 2434212
Tl V2-VJ3 2v2-43 Tl-V2-3 —2V2-43

An n x n non-diagonalisable matrix can have as
few as 2 square roots, or even infinitely many. For
example, in Chapter 2 we saw that the square roots of
the identity matrix are:

o3 ((11)_:1] !

a
and C forall a, and all c.# 0
c -—a

(1 kj for all k
0 -1
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: 11
Example 12: Find the square roots of (o J.

Solution:

a b , 11
Let A= c d and suppose that A= = 0 1)

Thena?+bc=d?>+bc=b(a+d)=1andc(a+d)=0.

Hencea+d=0andsoc=0.

Since a2 = d? = 1 we can only have:
a=d=1lora=d=-1

In the first case b = % and in the second, b = - % .

11
So [0 J only has 2 square roots:
1 1/2 ] -1 -1/2
o 1/ o0 -1

§7.5. Recurrence Equations

A sequence is an ordered list of numbers or
functions ay, ay, ....... (Sometimes the list starts with ag
instead of a;.) Although a sequence can be completely
random it only becomes interesting mathematically if
there is some rule or pattern that describes the list. One
type of rule is where we have a formula for the n’th
term. Another type of rule is where each term is defined
in terms of the previous term, or a certain number of
previous terms. Such a rule is called a recurrence
equation.
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Example 13: a, = n? describes the sequence:

1,4,9, 16, ..
an = 3ap-1 describes the sequence 1, 3, 9, 27, ... It also
describes the sequence 2, 6, 18, 54, ...

As the above example shows a recurrence
equation doesn’t define the sequence uniquely. We must
be given one or more terms explicitly until the
recurrence equation can start.

Example 14: There is a famous sequence, called the
Fibonacci sequence, that is described as follows:
An+2 = An+1 T an,
a =1;
a;=1.
The sequence begins as follows:
1,1,2,3,58,13, .ccocvenee,

Now it’s preferable to have an explicit formula for
the n’th term than to have a recurrence equation. If a, =
n? it’s easy to see that aigo is 1,000,000. To find the
1000 term of the Fibonacci sequence we appear to have
to compute the sequence all the way up to uigoo.

Also, if we have an explicit formula, we can make
general statements about the sequence, such as whether
it converges.
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If we have the sequence defined by:
an =3an-1, a1 = 2,
we can obtain an explicit formula for an. This is a
Geometric Progression with first term 2 and common
ratio of 3. The n’th term is an = 2.3" .

A linear recurrence is one of the form:
an+k = Cidn+k-1 + CoA@n+k—2 * ... T+ Ckan

where the cj’s are constants. The order of this
recurrence is k.

For example the Fibonacci sequence is a second order
linear recurrence. Using matrices it’s possible to find an
explicit formula for an in terms of n in such cases. The
technique involves considering a more general situation.

Example 15: Suppose ai, az, ... and by, by, ... are two
sequences where

an+1 = 4an + 2bp;
bn+1 = —an + bp;
dp = 4, bo =7.
Find explicit expressions for an and bp in terms of n.
Solution:
We need to generate both sequence together.
The first sequence is 4, 30, 126, 450, ...
The second sequence is 7, 3, —27, —153, ...
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a
But suppose we define vn = [bn]' Instead of two
n

sequences of numbers we have a single sequence of
vectors. Moreover the recurrence equations can be
expressed as a single matrix/vector equation:

o) (4 7))

4 2
If we put A = (_1 1} then vn+1 = Avn.

Remarkably the pair of intertwined sequences becomes,
not only a single sequence, but a very simple one at that.
It’s simply a geometric sequence with common ratio A.

It doesn’t matter that A is a matrix and not just a
number. The formula for the n’th term still works:

Vn:AnVO.
do 4 .
Here vo = (boj = @ All we need to do is to

diagonalise the matrix and hence find A" in terms of n.

We can diagonalise A and get A = SDS™! where

s=; 1).0<(5 o)

-1 -2
_1_
and S —( 1 J.

son=(s 22 8228
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(2" 23" (_ 18]

[ O, L 1 R
[— 18.2" + 22.3”}
18.2"-11.3" )°

Hence a, = 22. 3" - 18. 2" and
b,=18.2"-11. 3"

To solve a higher order recurrence:

Un+k = @1Un+k-1 + @2Un+k-2 + ... + @k-1Un+1 + akUn
we turn it into a first order system by defining

Un+k-1 d; dyz...dk-1 Ak
Un+k— 10.. 00

vn=| "2 1 Then vpsk = Vi,
U 00. 10

Theorem 4: If the k x k matrix A is diagonalisable with
eigenvalues A1, A, ..., Ak, the components of A" and of
A" for any v, have the form CiA;" + Cokp + ... + Cihi
for constants C4, C, ..., Ck.

Example 16: Solve the recurrence:
Un+3 = 6Un+2 — 11Un+1 + 6Un
Up=1
Uy =2
u, =3
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6 -4 6
Solution: LetR=|1 0 0].
0 1 0
tr(R) =6, tr,(R) =11 and |R| = 6.
Hence yr(A) =A% — 612+ 111 -6
=(A-DA-2)(r-3).
So the eigenvaluesare A =1, 2, 3.
Hence u, = A + B2" + C3" for some A, B, C.
We can substitute n =1, 2, 3 and get 3 equations in A, B,
C which we can solve in the usual way/
1111 1111 1111
1232 ,]012(1|,/01 2|1

14 9|3 0 3 8|2 00 2|-1

1 1

HenceC——Z,B—Z,A——Z.
—1+2m2_3"

Soup = > for all n.

§7.6. Probability Matrices

The probability of an event is a number between
0 and 1, inclusive, where a zero probability means that it
cannot happen, while the probability of a certain event is
1. If we have a number of independent events we can
interpret the probability as a proportion.
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Example 17: The probability of a die (singular of dice)
coming up 4is1in6, or %, because there are 6 equally
likely possibilities. If we throw 60 dice the expected
proportion of dice that show 6 is % and the expected

. 60
number is 5 Or 10.

Suppose we have two related events, E and F, and
their probabilities are P€ and P(F). Suppose that the
probability of E occurring, given that F has occurred, is
P(E|F). This is called a conditional probability.

Then P(E) = P(E|F).P(F).

Suppose that there is a third event, G, such that F and G
can’t both occur, with probability P(G).
Then P(E) = P(E|F)P(F) + P(E|G)P(G).

Example 18: Suppose that the probability of rain is 0.3.
Suppose that the probability of the Spring Fair being
cancelled if it rains is 0.6 and the probability of it being
cancelled if it doesn’t rain (that is for some other reason)
is 0.1. Then the probability of the fair being cancelled at
all will be: 0.3 x0.6 +0.7 x 0.1 =0.18 + 0.07 = 0.25.

Suppose a system has n possible states Si, S, ...,

Sh and at any instant it is in one of these states. Let the
probability of moving from state S; to state S; in one unit
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of time be Pjj. If the probability of the system being in
state Sj at time t is Pi(, then:
P = P,OPg; + P,OPyi + ... + PPy

Let’s use vectors and matrices to study this
p,®

P,

system. Let vV = and let P = (Pj).

PO
Then v = PV Note the need to transpose P,

because Pij, P2 ... are the components in the i’th column
of P not the i’th row.

The matrix P is called the transition matrix of
the system. Note that if S;, Sy, ..., Sp is a complete list of
all the states then each row of P must total 1, since if the
system is currently in state i it must be in state j, for
some j after one unit of time

Example 17: The system might be the age structure of

the population with Sy being the state of being aged r
years. We would take one year as the unit of time and
Prs would be the probability of someone r years being s
years old (and hence still alive) one year later. If it
wasn’t for the problem of death this transition matrix
would be the infinite matrix:
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o O o
o O -
o +— O
O O

Note that here we are ignoring birth (or migration).
Probably we only need to go up to state Sio0, Which can
include all those 100 or over, and a state Sio; for ‘dead’.
But because of mortality at all ages, especially infant
mortality, the 1°s just above the diagonals will be
slightly reduced.

The following is a typical transition matrix for the
age structure of a population, expressed as a table, rather
than as a matrix, to simplify layout.

AGE |0 |1 2 3 ... 99 | > dead
100

0 0 (0950 0o ... 0 |0 0.05
1 0 |0 099 |10 ... 0 |0 0.01
2 0 |0 0 0.997 | ..... 0 |0 0.003
99 0 |0 0 0o ... 0 |0.660.34
> 0 0 0 o |... 05 (05
100

dead |0 |0 0 0o |... 0 1
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Here the first row and column correspond to state
So, those in their first year of life. The first row reflects
the fact that 5% of those in their first year of life fail to
reach their first birthday. (This is obviously a third world
country!)

The first column of all zeros reflects the fact that
nobody, whatever their age, will be in their first year of
life next year. Here we are taking a fixed cohort of
people and are not considering births.

The last row and column represent state Sigi, the
state of being dead. Clearly all of these remain dead after
a further year. You can see that the death rate drops to
1% for those aged 1 and even further to 0.3% for those
aged 2.

Of those aged 99 this year, 34% will die within
the year with the remaining 66% moving into the ‘100
and over’ group.

If P = (Pjj) is an n x n probability matrix and the
)
X1

(k)
vector v = | X" | is the vector giving the numbers in

- ®)

n
each state at time k then the expected number in state |
after one year is P1j,® + Popxo® + ... + Ppjx®),
which is the j’th component of Pv(®).
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Hence v&*D = pv® and so v = PO, This shows the
need to be able to find a formula for the k’th power of a
matrix.

A matrix of size 102 x 102 as in the above
example would require a computer to analyse. The
following example has only three states and lends itself
to manual calculation.

Example 18: A robot vacuum cleaner moves about the
floor randomly, picking up dust. If it reaches a doorway
it will go through into the next room. Suppose we have 9
rooms as follows.

For each door let p be g
the probability that the robot :
will move through that door
in a 10 minute interval. We |
assume that the probability
that it will move through a
second door in that time
interval to be negligible.
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We have 9 rooms and could therefore potentially
have to deal with a 9 x 9 matrix. However by symmetry
we can combine the four corner rooms into one state and
the four edge rooms also into one state.

Let S; be the state of being in one of the corner
rooms, S, the state of being in one of the edge rooms and
Ss the state of being in the middle room. The transition
matrix is

1-2p  2p 0 corner
2p 1-3p P edge

P =
0 P 1-4D) e
Let’s suppose that p = 0.1.
08 02 0
ThenP:(O.Z 0.7 0.1).
0 04 0.6
08 02 0
LetQ=PT=(O.2 0.7 0.4)
0 0.1 0.6
If we start with such a robot vacuum cleaner in a corner
1
room we have v = (Oj and so the expected
0

distribution after 10 minutes is
08 02 0 1 0.
PTv(O) = QV(O) = (0.2 0.7 0.4) (Oj = (O.Z) .
0 01 06/ \0 0
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After 20 minutes the distribution is:
1 0.8 0.2 0)Y/0. 0.68
Q{O):(O.Z 0.7 0.4) (0.2) :(0.33)
0 0 01 06/\0 0.0

To determine the distribution after 24 hours would
require a very long calculation. Fortunately we can find
an explicit formula for Q*** or any power of Q for that
matter.

First we find the characteristic polynomial.

try(Q) = 2.1,
tro(Q) = 1.38,
trs(Q) = 0.28.

S0 70(A) = A3 — 2.1A2 + 1.38%, — 0.28.

Solving a cubic can be tricky, but fortunately we know

that one of the eigenvalues is 1. How do we know this?
1

Because the rows of P total 1 and so |1| is an
1

eigenvector for P with corresponding eigenvalue 1. This
means that Q = PT will also have 1 as an eigenvalue
(although it will have a different corresponding
eigenvector).

Dividing yo(A) by L — 1 gives A2 — 1.11 + 0.28.

Solving by the quadratic formula we get zeros of 0.7 and
0.4.

So the eigenvalues of Q are 1, 0.7 and 0.4.
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02 02 0
A=1:Q-1=|02 -03 04

0 01 -04
1 -1 0
—10.2 -0.3 0.4j
0 01 -04
1 -1 0
-0 -0.1 O.4j
0 01 -04
1 -1 0
—|0 1 —j

0O 0 O

4
So @ Is an eigenvector for A = 1.

01 02 O
A=07:Q-071=|02 0 04

0 01 -01

1 2 0
—102 O 0.4J

0 01 -0
2 0
-0.4 O.4J
0.1 -0.

2 0
1 -1
0 O
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-2
So [ 1) Is an eigenvector for A = 0.7.

1
04 02 0
x=0.4:Q—0.4|=(0.2 0.3 0.4)
0 01 0.2
1 05 0
—10.2 0.3 O.AJ
0 01 O
105 0
-0 0.2 O.Aj
0 01 O
1050
—-|0 1 2)
0 0 O
1
So (—2] is an eigenvector for A = 0.4.
1

4-2 1 10 O
LetS={4 1 -2|andD=00.7 0
11 1 0 0 04

We now must calculate S1.

1 1 11

S‘1=§ —2 1 4 | (I have omitted the details.)
1 -2 4

Then vV = Q" = spns-21y©)
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1 4 -2 1 1 1 I\~
5412 007n —214@
11 1/\0 0o 04n 1 -2 4/\0
1 4-2 1\/1 O 1
=§41—2 00.7”0j—)
11 1/\0 0 04v\1
1 4-2 1 1 j
=9 4 1 -2||-2x0.7"
11 1 0.4
1 4+4><0.7”+O.4”j
=9 4-2x07"-2x0.4"
1-2x07"+04"

Clearly when n is large 0.7" and 0.4" are negligible.
For example 0.7%% is about 5 x 1072,

1 4
So for large n, v(”)z§ 4| .
1
This means that the probability of the robot vacuum

cleaner being in a corner room is g 4 . Since there are 4
such rooms the probablllty of it bemg in any one of
those rooms |s . In fact, this is true of any of the 9

rooms, a fact that we might have expected. However
there might have been some factors that make a
transition through some doors more or less than through
others. For example there might be double doors, wider
than normal ones. Of course here we couldn’t treat all
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corner rooms the same and we would probably have had
to use a 9 x 9 matrix.

EXERCISES FOR CHAPTER 7

For exercises 1 — 3:
(i) find the eigenvalues and eigenvectors;
(i1) determine whether or not it diagonalisable;
(i) if it is diagonalisable, find an invertible
matrix D and a diagonal matrix S such that
A =SDS™;
(iv) if it is diagonalisable find a formula for A",

Exercise 1: A = (5 0 j

3 -2

3 -2 4
Exercise2: A=|-1 2 -2].

-1 1 -1

0 -5 1
Exercise 3: A=|0 3 -1]|.

1 3 1

Exercise 4: Solve the recurrence system:
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an+1 = 3a, + 2by
bn+1 = Zan + 3bn
=1 )
bo =0
Exercise 5: Solve the recurrence equation:
an+3 = 6an+2 — 11an+1 + 6an
a=1
a, =2
dz = 3

Exercise 6: For a certain type of insect 90% of those
under week old die within the following week and 50%
of those between 1 and 2 weeks old die within the
following week. Very few survive beyond the first three
weeks. They breed in the second and third weeks only.
On average each female in the one to two week age
group produces 30 offspring in that week. Half of these
are female. For those in the two to three week age group
each female produces 20 offspring in that week. Again
half of these are female.

Let a, be the number of thousands of females,
aged 0 to 1 week, in week n. Let b, be the number of
thousands of females in the one to two week group in
week n and let ¢, be the number of thousands of females
aged from 2 to 3 weeks in week n.

(i) How many weeks will it take before there are insects
in all three age groups?
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QD

n

(i) Letvy=| b, | Find a matrix M such that

(@]

n

Vn+1 = Mvp.
(i) If 4000 females aged between 2 and 3 weeks are
released into a certain area, and sufficient males to breed
with them, find the population distribution after n weeks.

304



SOLUTIONS FOR CHAPTER 7

Exercise 1: (i) tr(A) = 3,
|A|=-10-18 =-28.
va(l) =12 —31 - 28
=(A=7)(\ +4).
So the eigenvalues are A = 7, —4.

x:7:A—7I=(_2 6]—>(1 _3].80(3] is an
3 -9 0 0 1

eigenvector.

= —4: A + 4] = [9 6j—>[3 Zj. So {_2] is an
3 2 00 3

eigenvector.
(if) Since we have two independent eigenvectors A is
diagonalisable.

(iii)LetS=(3 _ZjandD=[7 0].
1 3 0 -4
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-3 %)
(iV)A”=SDS”‘1:1—11(i’ 3)( )J[Bl g

_ 1 (3x7" —2x(- [3 2}
IR 3><(4) -13

_i(9x7”+2><(—4) 6x7"—6x(—4)“J

[E=Y

|

L 3x7" 3% (-4)" 2x7"+9x (-4)"
Exercise 2:
() tr(A)=3+2—-1=4,
try(A)=4+1+0=5.
IA|=3.0+2(-1)+41=2.
ya(h) = 23 — 432 + 5 — 2

= (A —1)*(A - 2).
The eigenvalues are A = 1 (twice), A = 2.
2 -2 4 1 -1 2 1
A=1:A-1=|-1 1 -2|—>|0 0 O0|so|1l]|and
-1 1 -2 0 0 O 0

-2
0 | are independent eigenvectors (neither is a scalar
1

multiple of the other).

1 -2 4 1 -2 4
A=2.A-1=|-1 0 -2|—>|0 -2 2
-1 1 -3 0 -1 1
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1 -2 4 -2
—> |0 1 -1|so| 1 |Iisan eigenvector.
0 0 O 1

(i) Since we have 3 independent eigenvectors A is
diagonalisable.

1 -2 =2 100
(i) LetS=|1 0 1 |andD=|0 1 Of.
01 1 00 2
Then|S|——1 —(-2) -2=-1.
—(1) 1T 0 2
St=—1- 1 - [ -1 3
—(3 2 11 -2
1 -2 -2)(1 0 0\(1 0 2
ThenSDS*=(1 0o 1/0 1 0|1 -1 3
0 1 1J00 2J|-1 1 -2
1 -2 -4\(1 0 2
=1 0 2 [1 -1 3
01 2J)(-1 1 -2
3 -2 4
=|-1 2 -2|=A
-1 1 -1
(iv) A" = SD"S?
1 -2 -2(1 0 0Y\(1 0 2
-/1 0 1(/l01 0|1 -1 3
o 1 1)lo0 2"){-1 1 -2



1 -2 —2x2"\(1 0 2
-1 0 20 |1 -1 3
0 1 2 Jl-1 1 -2
M1 2™ 2m2_g
_|1-2r 2r 2-2m
1-2"  2"-1 3-2™

Exercise 3:
(i) tr(A) = 4.
tr,(A)=0+(-1) +6 =5.
IA| =0 +5(1) + (=3) = 2.
va(h) = A3 — 422+ 5), — 2 (as in exercise 2).

= (A -1)*(L - 2).
So the eigenvalues are A = 1 (twice), A = 2.
-1 -5 1 1 5 -1
A=1LA-1I=|{0 2 -1|—>|(0 2 -1
1 3 0 0 -2
15 -1
—> |0 2 -1].
00 0
-2 -5 1 1 3 -1
A=2:A-21=[0 1 -1} 5,10 1 -1
1 3 -1 -2 -5 1
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1 5 -1 1 5 -1
/01 -1 |0 1 -1}
01 -1 0 0 O
—4
So | 1|, and its scalar multiples, are the only
1

eigenvectors for A = 1.

(if) Since we have only two independent eigenvectors A
Is not diagonalisable.

(an] (3 Zj
Exercise 4: Let vy = and A = .
"~ b, 2 3

10
Then vn+1 = Avp and vg = (J .

tr(A) =6 and |A| =5.

ya(l) =22 —61L+5
=(A—1)(A - 5).

The eigenvalues are A = 1, 5.

x=l:A—I=[2 2}—)(1 1),30[1]isan
2 2 00 -1

eigenvector.

}\.=5:A—5|=[_2 2}»(1 _lj,so(lj is an
2 =2 0 O 1

eigenvector.
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LetS=(l 1JandD=[1 Oj.
-11 0 5

1 -
Then|S|=2and S = 1( j

L

SD"S vy = &
2
1 1 5")\(9
T 2101 5")(11
1 90+11x5"
T 2(-9+11x5" )
11x5"+9 11x5"-9
Hence an="5 and bFT.
u

n+2

Exercise 5; Let vq = | U

n+1
un
1
Then vp+1 = Av, and vg = 2 .
3
= 6.

tr(A) = 6, trp(A) = 11, |A|

Soxa(l) =23 602+ 110 -6
=(A-1DA-2)(r-3)

so the eigenvalues are A = 1, 2, 3.
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5 -11 6 1 -1 0
A=1.A-1=|1 -1 0|—>]|0 -6 6
0 1 -1 0 1 -1
1 -1 0 1
— |0 1 -1|so 1] isan eigenvector.
0 0 O 1

4 -11 6 1 -2
A=2:A-21={1 -2 0|50 1
0 1 -2 0 0
4
SO | 2| is an eigenvector.
1
3 -11 © 1 -3
A=3:A-3l=|1 -3 0| |0 -2
0O 1 -3 0 1
1 -3 0
> 0 1 -3| o
0O 0 O
eigenvector.
1 4 9 1 0 0
Lets=|1 2 3|andD=|0 2 0]
111 0 0 3
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1—1 2 —1-|-
Then|S|:—2andS‘1:—§ 5 -8 3

-6 6 -2
L -1 5 -6
- -1 2 -8 6
> .
-1 3 =2
1 4 9)(1 0 0)/-1 5 -6\(1
Awe= —L[1 2 3[|0 2° 0|2 -8 6
21171 1)lo 0 3|21 3 —2
1 2n+2 3n+2 _1
:_l 1 2n+1 3n+1 2
217 27 3 Jl-1
1 2n+2 3n+2 —1+ 2n+3 _ 3n+2
:_l 1 oMt gl || _142m2 gt .
211 20 3 || —1q2mog
n-2m+1
Hence up, = 5

Exercise 6: (i) The age distributions for females (in

thousands) for the first few weeks are as follows.

weeks |0 1 (2] 3|45
0/0][40|0]60]20]|90
1/0/0]4/0]6 |2
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| 2f[4[0fo[2]0[3]
So it is not until week 5 before there are insects in all
age groups.

a., 0 15 10)(a,
iy [P | {01 0 0 |]D,
c 0 05 0)lc

n+1 n

(iii) Let M be the above matrix.
tr(M) =0, trp(M) =— 1.5, M| = 0.5.
ya(h) =A% —1.5% — 0.5.

= -1+ xr-0.5).

_ —1++/3
Hence the eigenvalues are 1, 42[
=1, 0.366, — 1.366.

Since the eigenvalues are distinct M is diagonalisable
and so each of an, bn and ¢, can be expressed in the form
A +0.366"B + (-1.366)"C.

Suppose ap = A + 0.366"B + (-1.366)"C.

Since ap =0, a; = 40 and a, = 0 we have:
11 1 A 0
1 0366 -1.366| B| =40/ thatis
1 0.366° 1.366° /\C 0
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1 1 1 A 0
1 0.366 -1.366|| B|=]40],

1 0.134 1866 )|C 0

1 1 1 |0 1

1 0366 —1.366(40| _ |0

1 0.134 1.866 | O 0

1

— 10

0

1

5|0

0

1

5|0

0

1

|0

0

1 1 0
—0.634 —-2.366|40
-0.866 0.866 | O
1 1 0
1 3.7319|-63.0915

-1 0
1 0
-1 0
1 3.7319|-63.0915
1 1 0
1 -1 0
0 4.7319|-63.0915
1 1 0
1 -1 0
0 1|-13.3332

So C=-13.3332, B = -13.3332, A = 26.6664.

Hence

an = 26.6664 — 13.3332x0.366" — 13.3332x(-1.366)".

Now bp = 0.1ap-1

314



= 2.6666 — 1.333x30.366" ! — 1.3333x(—1.366)"".
Finally, ch, = 0.5bn—1 ,
= 1.3333 — 0.6666x30.366" 2 — 0.6666x(—1.366)"2.

0 weeks | 80 — 40x0.366" — 40x(—1.366)"
old 3

1week |8 —4x0.366"" — 4x(-1.366)"
old 3

2 weeks | 4 —2x0.366" — 2x(-1.366)"1
old 3
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